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Let G be an unicycle graph and dv the degree of the vertex v. In this paper, we inves-
tigate the following topological indices for an unicycle graph G: αm(G) = ∑

v∈V (G) dv
m,

α−m(G) = ∑
v∈V (G) dv

−m, α− 1
m
(G) = ∑

v∈V (G) dv
− 1

m , where m � 2 is an integer. All uni-
cycle graphs with the largest values of the three topological indices are characterized.

KEY WORDS: Unicyclic graph, the generalied topological index, the Zeroth-order
Randic index

1. Introduction

Let G = (V (G), E(G)) denote a graph with V (G) as the set of vertices and
E(G) as the set of edges. NG(vi) denotes the neighbors of vi . The Randić index
of G defined in [1] is

χ(G) =
∑

uv∈E(G)

1√
dudv

,

where dv = dG(v) denotes the degree of the vertex v in G. Randić demonstrated
that his index is well correlated with a variety of Physic-Chemical properties of
an alkane. The index χ became one of the most popular molecular descriptors.
See [1–6], the zeroth-order Randić index χ0(G) of G defined by Kier and Hall
[7] is χ0(G) = ∑

v∈V (G)
1√
dv

. Pavlović [6] gave the unique graph with largest value
of χ0(G). In [8], Lielal investigated the same problem for the topological index
M1(G), a Zagreb index [9], which is defined as M1(G) = ∑

v∈V (G) dv
2. By observ-

ing the common appearance of the Randić index and the Zagreb index, In [10],
Xueliang Li and Haixing Zhao has described the following four general topolog-
ical indices:
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(i) αm(G) = ∑
v∈V (G) dv

m,

(ii) α−m(G) = ∑
v∈V (G) dv

−m,

(iii) α− 1
m
(G) = ∑

v∈V (G) dv
− 1

m ,

(iv) α 1
m
(G) = ∑

v∈V (G) dv

1
m ,

where m is a positive integer usually at least 2. In [10], all trees with the smallest,
the second and third smallest values of the four topological indices are charac-
terized. The same is done for all trees with largest, the second and third largest
values of these indices. In this paper, we will investigate the forth three general
topological indices for the unicycle graphs and all unicycle graphs with the larg-
est values of these topological indices are characterized.

Throughout this paper, we consider finite and simple graphs only. We
denote, respectively, by Sn, Pn and Cn the star, path and cycle with n verti-
ces. By Sn−k+3 + Pk−1 we denote the unicycle graph of order n which has a
cycle of length k and the other vertices are adjacent to the same vertex on the
cycle, as shown in figure 1. Let Un denote the set of all unicycle graphs of
order n. By U k

n we denote the set of the unicycle graphs in which the length
of its cycle is k. Undefined notations and terminology will conform to those in
[10].

2. The unicycle graphs with maximum values of the three indices

For convenience, we introduce two transfer operations.
Transfer operation A: Let G be an unicycle graph in U k

n , Ck = v1v2v3 · · · vkv1 is
the unique cycle of G. If there are i and j such that 1 � i < j � k and dG(vi) =
p + 2, dG(vj ) = q + 2,p, q � 1, NG(vi) = {vi−1, vi+1, u1, u2, . . . , up}, NG(vj ) =
{vj−1, vj+1, w1, w2, . . . , wq}, then G is changed into G′ after the transfer opera-
tion A, where G′ = G − {viu1, viu2, . . . , viup} + {vju1, vju2, . . . , vjup}. As shown
in figure 2.

Remark. Repeating the above operations, any graph G in U k
n must be changed

into a graph which has at most one vertex with degree greater than 2.

Figure 1.
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Figure 2.

Lemma 1. If G is changed into G′ after the transfer operation A, then

(i) αm(G′) > αm(G);

(ii) α−m(G′) > α−m(G);

(iii) α− 1
m
(G′) > α− 1

m
(G).

Proof. Note that

(i) αm(G′) − αm(G) = [(p + q + 2)m + 2m] − [(p + 2)m + (q + 2)m]

= [(p + q + 2)m − (p + 2)m] − [(q + 2)m − 2m]

= mqξm−1 − mqηm−1(ξ ∈ [p + 2, p + 2 + q], η ∈ [2, q + 2])

= mq(ξm−1 − ηm−1)

> 0,

(ii) α−m(G′) − α−m(G) = [(p + q + 2)−m + 2−m] − [(p + 2)−m + (q + 2)−m]

= [(p + q + 2)−m − (p + 2)−m] − [(q + 2)−m − 2−m]

= −mqξ−m−1 + mqη−m−1 (ξ ∈ [p + 2, p + 2 + q],

η ∈ [2, q + 2])

= −mq(ξ−m−1 − η−m−1)

> 0

(iii) α− 1
m
(G′) − α− 1

m
(G) = [(p + q + 2)−

1
m + 2− 1

m ] − [(p + 2)−
1
m + (q + 2)−

1
m ]

= [(p + q + 2)−
1
m − (p + 2)−

1
m ] − [(q + 2)−

1
m − 2− 1

m ]

= − 1
m

qξ− 1
m + 1

m
qη− 1

m (ξ ∈ [p + 2, p + 2 + q],

η ∈ [2, q + 2])

= − 1
m

q(ξ− 1
m − η− 1

m )

> 0
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Figure 3.

So, the proof of Lemma 1 is completed.
Transfer operation B. Let G ∈ U k

n , Ck = v1v2v3 · · · vkv1 is the unique cycle of
G. There is only one vertex vi with degree more than 2 on the cycle Ck, and
dG(vi) = p + 2 > 2, NG(vi) = {vi−1, vi+1, u1, u2, . . . , up}. If there is j (1 �
j � p) such that dG(uj ) = q + 1 � 2, and NG(uj ) = {vi, w1, w2, . . . , wq},
then G is changed into G′ after the transfer operation B, where G′ = G −
{ujw1, ujw2, . . . , ujwq} + {viw1, viw2, . . . , viwq}. As shown in figure 3.

Lemma 2. If G is changed into G′ after the transfer operation B, then

(i) αm(G′) > αm(G);

(ii) α−m(G′) > α−m(G);

(iii) α− 1
m
(G′) > α− 1

m
(G).

Proof. Note that

(i) αm(G′) − αm(G) = [(p + 2 + q)m + 1] − [(p + 2)m + (q + 1)m]

= [(p + 2 + q)m − (p + 2)m] − [(q + 1)m − 1]

= mqξm−1 − mqηm−1 (ξ ∈ [p + 2, p + 2 + q], η ∈ [1, q + 1])

= mq(ξm−1 − ηm−1)

> 0,

(ii) α−m(G′) − α−m(G) = [(p + 2 + q)−m + 1] − [(p + 2)−m + (q + 1)−m]

= [(p + 2 + q)−m − (p + 2)−m] − [(q + 1)−m − 1]

= −mqξ−m−1 + qmη−m−1 (ξ ∈ [p + 2, p + 2 + q],

η ∈ [1, q + 1])

= −mq(ξ−m−1 − η−m−1)

> 0,

(iii) α− 1
m
(G′) − α− 1

m
(G) = [(p + 2 + q)−

1
m + 1] − [(p + 2)−

1
m + (q + 1)−

1
m ]

= [(p + 2 + q)−
1
m − (p + 2)−

1
m ] − [(q + 1)−

1
m − 1]

= − 1
m

qξ− 1
m

−1 − 1
m

qη− 1
m

−1
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× (ξ ∈ [p + 2, p + 2 + q], η ∈ [1, q + 1])

= − 1
m

q(ξ− 1
m

−1 − η− 1
m

−1)

> 0.

So, the proof of Lemma 2 is completed.
In the following, we shall investigate the unicycle graphs with maximum

values of the three indices.

Theorem 1. Sn−k+3 +Pk−1 is the unique unicycle graph in U k
n with maximum val-

ues of the three topological indices.

Proof. For any G in U k
n , we can obtain a graph G′ in U k

n from G by a series of
transfer operations A, such that G′ has at most one vertex with degree greater
than 2 on its cycle. Then, Sn−k+3 +Pk−1 can be also obtained from G′ by a series
of transfer operations B. So the unicycle graph in U k

n with maximum values of
the three topological indices is Sn−k+3 + Pk−1 by Lemmas 1 and 2, and the the-
orem is thus proved.

Theorem 2. Sn + P1 is the unique unicycle graph in Un with maximum values of
the three topological indices.

Proof. If 3 � k < k′ � n, then

αm(Sn−k′+3 + Pk′−1) − αm(Sn−k+3 + Pk−1)

= [2m(k′ − 1) + (2 + n − k′)m + n − k′] − [2m(k − 1) + (2 + n − k)m + n − k]

= (k′ − k)[2m − 1 + (2 + n − k′)m − (2 + n − k)m]

= (k′ − k)(mηm−1 − mξm−1)(η ∈ [1, 2], ξ ∈ [2 + n − k′, 2 + n − k])

= m(k′ − k)(ηm−1 − ξm−1)

< 0

So, αm(Sn−k′+3 + Pk′−1) < αm(Sn−k+3 + Pk−1).
Similarly, we have
α−m(Sn−k′+3+Pk′−1)<α−m(Sn−k+3+Pk−1), α− 1

m
(Sn−k′+3+Pk′−1)<α− 1

m
(Sn−k+3+

Pk−1).
From Theorem 1, we can see that the unicycle graph with maximum values

of three general topological indices must be Sn−k+3 + Pk−1, and the theorem is
thus proved.
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